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Abstract
It is well known that the space Cp([0,1]) has countable tightness but it is not Fréchet–Urysohn. Let
X be a Cech-complete topological space. We prove that the space Cp(X) of continuous real-valued
functions on X endowed with the pointwise topology is Fréchet–Urysohn if and only if Cp(X) has
countable bounded tightness, i.e., for every subset A of Cp(X) and every x in the closure of A in
Cp(X) there exists a countable and bounding subset of A whose closure contains x. We study also
the problem when the weak topology of a locally convex space has countable bounded tightness.
Additional results in this direction are provided.
 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction and preliminary facts
Throughout this paperX always denotes a completely regular topological space (space).
By R and N we denote the sets of the real and natural numbers, respectively. Let Cp(X)
be the space of continuous real-valued functions on X endowed with the topology of the
pointwise convergence. A space X is called Fréchet–Urysohn if for every subset A of X
and every x ∈ A¯ (the closure of A in X) there exists a sequence in A which converges
to x . Clearly the most elementary examples of Fréchet–Urysohn spaces are metrizable
spaces and the one-point compactifications of discrete spaces. The notion of the countable
tightness of X arises as a natural generalization of the Fréchet–Urysohn property. X has
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countable subset B of A with x ∈ B; cf. [1].
Pytkeev (and independently Gerlits and Nagy, cf. [9] or [1, II.3.7] ) proved thatCp(X) is
Fréchet–Urysohn iff Cp(X) is a k-space iff Cp(X) is sequential, although in general these
three properties are different. Recall that X is a k-space if any set in X whose intersection
with all compact sets is closed, itself is closed. Also X is sequential if every sequentially
closed subset of X is closed. Clearly
metrizable⇒ Fréchet–Urysohn⇒ countable tightness and sequential.
The space Cp([0,1]) provides a simple example of a space with countable tightness which
is not sequential, hence not Fréchet–Urysohn [1, II.3.5, II.1.4].
Let us recall a few fundamental facts concerning Fréchet–Urysohn spaces:
(A) For compact X the space Cp(X) is Fréchet–Urysohn iff X is scattered, i.e., every
non-empty subset of X has an isolated point; cf. [11], see also [1, III.1.2 ] (and [6] for
the last improvements of this result).
(B) Cp(X) is Fréchet–Urysohn iff X is an ω-space [9, Theorem 2].
(C) The countable product Cp(X)ℵ0 is Fréchet–Urysohn for Fréchet–Urysohn Cp(X) [1,
II.3.2], but there exist Fréchet–Urysohn spaces Cp(X) and Cp(Y ) whose product does
not even have countable tightness [14].
Asanow, cf. [1, I.4.1], proved that
(∗) If Cp(X) is Lindelöf, then every finite product Xn has countable tightness for any
n ∈N.
Although the converse to this result fails in general there is a “reflected” theorem due to
Arhangelskii and Pytkeev, cf. [1, II.1.1]:
(∗∗) t (Cp(X)) ℵ0 iff Xn is Lindelöf for any n ∈N.
In particular (∗∗) applies to show that t (Cp(X))  ℵ0 for every compact X, every
Lindelöf P -space X, every σ -compact X (for the last case recall that for every σ -compact
X there exists a compact space Y such that Cp(X) is homeomorphic to a subspace of
Cp(Y ); cf. [1, III.1.11]).
This line of research has been also studied in a more general setting in [4,5]. In a very
recent paper [5] we continued the study of [4] by characterizing when every space in a
large class G of locally convex spaces, introduced (and studied) by Cascales and Orihuela
in [3], has countable tightness when endowed with their weak and original topologies. The
class G is stable by the usual operations of countable type and contains many of important
spaces; e.g., all (LF)-spaces and (DF)-spaces.
In [5] we proved that metrizability and Fréchet–Urysohn property are equivalent for
spaces in G; we introduced the concept of countable bounded tightness, a property
which strictly implies countable tightness and is strictly weaker that the Fréchet–Urysohn
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(LF)-space E) the space E is metrizable iff tb(E) ℵ0.
In [5] we provided interesting applications of our results. For example, the space D′(Ω)
of distributions is not Fréchet–Urysohn, has countable tightness but its bounded tightness
is uncountable. On the other, as we proved in [5], Cp(X) belongs to the class G iff X is
countable, i.e., only if Cp(X) is metrizable. Also Cp(X) is “almost never” barrelled (only
if every bounding subset of X is finite; cf. [12, 10.1.20]). Therefore the very concrete case
such as spaces Cp(X) is not covered by results mentioned above.
The paper is motivated by the following two natural problems:
(1) Assume that Cp(X) is Lindelöf (or even analytic). Is tb(X) ℵ0?
(2) Characterize the countable bounded tightness of Cp(X) in terms of X.
We provide a negative solution to problem (1) even for the case when Cp(X) is
analytic. Problem (2) is solved for Cech-complete spaces X: If X is Cech-complete, then
tb(Cp(X))  ℵ0 iff Cp(X) is Fréchet–Urysohn; for completely metrizable spaces X this
yields that tb(Cp(X)) ℵ0 iff X is countable. The proof uses a characterization of Cp(X)
to be a kR-space (in the presented form due to Morishita and mentioned in [2, pp. 46–47]).
Last section deals with the problem when the weak topology σ(E,E′) of a locally convex
space has countable bounded tightness. We show that in the class G every space E which
is separable or quasicomplete is Fréchet–Urysohn in its weak topology σ(E,E′) iff the
bounded tightness in σ(E,E′) is countable. In particular, no infinite-dimensional Banach
space in its weak topology has countable bounded tightness (although it is known that its
tightness is countable).
Recall that X is said to have countable bounded tightness (tb(X)  ℵ0) if for every
subset A of X and every x ∈ A¯ there exists a countable and bounding subset B of A
such that x ∈ B , where B ⊂ X is bounding if f (B) is bounded for every real-valued
continuous function f on X. Note that there are compact spaces with countable tightness,
hence countable bounded tightness, which are not Fréchet–Urysohn; the example is the
one-point compactification of the space Ψ of Isbell, see [8, pp. 54–55].
A locally convex space (lcs) E is an (LF)- (respectively, (LB)-) space if it is the
inductive limit of an increasing sequence (En) (called its defining sequence) of metrizable
and complete lcs (respectively, Banach spaces) whose union is E and such that every En is
a subspace of E and every inclusion En → En+1 is continuous, n ∈ N. An increasing
sequence (An) of absolutely convex subsets of a lcs E is called bornivorous if for
every bounded set B in E there exists Am which absorbs the set B . We shall need also
the following notion introduced by Ruess, cf. [2]. A lcs E is b-Baire-like if for every
bornivorous sequence (An) of absolutely convex closed subsets of E whose union is E
there exists m ∈N such that Am is a neighbourhood of zero in E.
2. Problem 1 has a negative solution
We shall need the following lemma proved in [5]; to keep the paper self-contained we
add its proof.
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topology. Then tb(ϕ) is uncountable. Consequently an (LF)-space E is metrizable iff
tb(E) ℵ0.
Proof. Clearly ϕ is a non-metrizable lcs and ϕ is the locally convex topological direct
sum of a countable many of the space R; cf. [16, Example 1] and [15]. By Example 1
of [16] the space ϕ is not Fréchet–Urysohn. Therefore there is a subset A in ϕ such that
0 ∈ A¯ but 0 does not belong to the sequential closure of A. Assume that there exists a
countable bounding subset B of A such that 0 ∈ B . Since B is bounded in ϕ, then B
is finite-dimensional. Hence 0 belongs to the sequential closure of B , a contradiction.
Now assume that E is an (LF)-space. If E is metrizable, then clearly tb(E)  ℵ0. For
the converse, assume that tb(E)  ℵ0. Hence E does not contain a (isomorphic) copy
of ϕ. But by Theorem 2.1 of [15] every (LF)-space which does not contain a copy of ϕ is
metrizable. ✷
Now we are ready to prove the following
Theorem 1. The space Cp(ϕ) is analytic and t (ϕ) ℵ0 but tb(ϕ) is uncountable.
Proof. The bounded tightness of ϕ is uncountable by Lemma 1. Now we prove that Cp(ϕ)
is analytic. Since ϕ =⊕nR is the locally convex topological direct sum of countable
many of the reals R, then Cp(ϕ) is homeomorphic to the countably product
∏
n∈N Cp(R).
The last space is analytic. Indeed, note that Cp(R) is analytic since it is homeomorphic to
the space Cp([0,1]) and the last one is analytic as the continuous image of the separable
Banach space C([0,1]). On the other hand, it is well known, cf. [1, 0.6.3], that Cp(R)ℵ0 is
linearly homeomorphic to the space Cp(R). Finally, since Cp(ϕ) is Lindelöf, we apply (∗)
to deduce that t (ϕ) ℵ0. ✷
3. Countable bounded tightness for Cp(X)
Recall that a space X is a kR-space if every real-valued function on X which is contin-
uous on every compact subset of X, is continuous. Clearly k-space ⇒ kR-space. Since for
an uncountable discrete space X the space Cp(X) = RX is a kR-space but not a k-space,
there are distinguished examples between kR-spaces Cp(X) which are not k-spaces. The
following theorem characterizes the kR-property of Cp(X) for a large class of spaces X;
see [2, 10.5, 10.7], compare also with [11, Theorem].
Theorem 2. Let X be a Cech-complete Lindelöf space. The following assertions are equiv-
alent:
(1) X is scattered.
(2) Cp(X) is a Fréchet–Urysohn space.
(3) Cp(X) is a kR-space.
J. Ka¸kol, M. Lopez-Pellicer / J. Math. Anal. Appl. 280 (2003) 155–162 159Note that (1)⇒ (2) holds for any Lindelöf space; cf. [1, II.7.16].
Theorem 2 applies also to get the following
Theorem 3. Let X be a Cech-complete space. Then Cp(X) is Fréchet–Urysohn iff
tb(Cp(X)) ℵ0.
Proof. Assume that tb(Cp(X)) ℵ0. Then by (∗∗) the spaceX is Lindelöf. By Theorem 2
it is enough to show that Cp(X) is a kR-space. Take a function f :Cp(X)→ R such that
for every compact K ⊂ Cp(X) the map f |K is continuous. We prove that f is continuous.
Take any A⊂ Cp(X) and x ∈ A¯ (the closure in Cp(X)). We show that f (x) ∈ f (A). Since
x ∈ A¯ and tb(Cp(X))  ℵ0, there exists in A a countable bounding subset B such that
x ∈B . Since X is Cech-complete, it is a k-space, so by the Grothendieck-type theorem, cf.
[1, III.4.15], it follows that B is compact in Cp(X). By assumption f |B is continuous, so
f (x) ∈ f (B)⊂ f (A). Hence f is continuous and Cp(X) is a kR-space. ✷
Corollary 1 says that for a large class of spaces the countable bounded tightness of
Cp(X) is equivalent to metrizablity of Cp(X).
Corollary 1. Let X be a completely metrizable space. The following assertions are equiv-
alent:
(1) X is countable.
(2) Cp(X) is Fréchet–Urysohn.
(3) tb(Cp(X)) ℵ0.
Proof. The implications (1)⇒ (2)⇒ (3) are obvious.
(3)⇒ (1) Assume that the space X is uncountable. Since tb(Cp(X))  ℵ0, the space
X is separable. But any separable uncountable completely metrizable space contains a
copy of the Cantor set. Consequently X is not scattered. Now Theorem 2 applies to get a
contradiction. ✷
Corollary 2. Let X be a compact space. Then tb(Cp(X)) ℵ0 iff X is scattered.
Hence the bounded tightness of Cp([0,1]) is uncountable but clearly Cp([0,1]) has
countable tightness.
Remark. For locally compact σ -compact spaces X there is a different way to prove The-
orem 3 without using Theorem 2: Since X is σ -compact, the space Cp(X) is angelic
(cf. [13], see also [17, Theorem 3]), i.e., every countable relatively compact subset of
Cp(X) is relatively compact and for every relatively compact set A in Cp(X) and every
x ∈ A¯ there exists a sequence of elements A which converges to x . Now we apply the last
part of the proof of Theorem 3.
Corollary 3. LetX be a Lindelöf P -space. Then tb(X) ℵ0 iffX is countable and discrete.
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bounded tightness. Since X is a P -space, every bounding subset of X is finite. Hence X is
discrete. Indeed, if A⊂X and x ∈ A¯, then there exists a countable bounding (hence finite)
subset of A such that x ∈ B = B ⊂ A. On the other hand, the space Cp(X) is Fréchet–
Urysohn [1, II.7.15], and consequently RX = Cp(X) has countable tightness. But then X
is countable. ✷
4. The weak topology of a locally convex space
Last section deals with the following problem:
When the weak topology of a lcs E has countable bounded tightness?
Let E be a lcs and Eσ = (E,σ(E,E′)), E′ the topological dual of E. It is known
that for a metrizable lcs E we have t (Eσ )  ℵ0. This result has been extended in [4,
Proposition 4.7] to the class G. We proved also in [4] that if E ∈ G and E is quasibarrelled,
then t (E) ℵ0 and t (Eσ ) ℵ0; in particular this result applies for all (LF)-spaces.
Recall that a lcs E belongs to G, cf. [3], if there exists in E′ a family {Aα: α ∈NN} of
subsets of E′ (called its G-representation) such that:
(a) The union of the sets from this family covers E′;
(b) Every countable subset of any Aα is equicontinuous;
(c) Aα ⊂ Aβ if α  β .
In the set NN of sequences of positive integers we say that α  β for α = (an) and
β = (bn) iff an  bn for all n ∈N.
The following theorem provides many examples of lcs E for which tb(Eσ ) is uncount-
able. The proof of (2) was in fact communicated to the authors by prof. B. Cascales.
Theorem 4. Let E be a lcs. If
(1) (E′′, σ (E′′,E′)) is angelic, or
(2) E is quasicomplete and Eσ is angelic, or
(3) (E′, σ (E′,E)) is separable and Eσ is angelic,
then Eσ is Fréchet–Urysohn iff tb(Eσ ) ℵ0.
A lcs E is quasicomplete if every bounded and closed subset of E is complete; cf. [12].
Recall also that by [3, Theorem 11], every space in G is angelic, both in the original and
the weak topology.
Proof. Assume that (E′′, σ (E′′,E′)) is angelic and tb(Eσ ) ℵ0 and take A⊂ E, x ∈ A¯
(the closure in Eσ ). By assumption there exists a bounding countable set B = (xn) in A
such that x ∈ B . For every x ∈ E define φx :E′ → R by formula φx(f ) := f (x) for all
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space E′′σ := (E′′, σ (E′′,E′))) is compact in E′′σ , by the Banach–Aleoglu theorem. Since
x ∈ B , one gets that φx ∈ T . Since T is compact in E′′σ and E′′σ is angelic, there exists a
subsequence (φxkn ) of (φxn) such that φxkn → φx in E′′σ . Therefore f (xkn)→ f (x) for all
f ∈E′, so xkn converges weakly to x and hence Eσ is Fréchet–Urysohn.
Now assume that E is quasicomplete and Eσ is angelic and has countable bounded
tightness. By [7, Corollary 1], it follows that a subset of E is σ(E,E′) bounding iff it is
σ(E,E′)-relatively compact. Take any A⊂ E and x ∈ A (the closure in σ(E,E′)). Then
there exists in E a bounding subset B of A which is σ(E,E′)-relatively compact, such
that x ∈ B . As Eσ is an angelic space, there exists a sequence in B which converges in
σ(E,E′) to x . Therefore the space Eσ is a Fréchet–Urysohn space.
If (E′, σ (E′,E)) is separable, then by [7, Theorem on p. 22], every σ(E,E′)-bounding
subset of E is σ(E,E′)-relatively compact. Now the argument we used above applies to
complete the proof for this case. ✷
Corollary 4. Let E be a separable lcs in the class G. Then Eσ is Fréchet–Urysohn iff
tb(Eσ ) ℵ0.
Proof. By [3, Theorem 14], the space (E′, σ (E′,E)) is separable and since Eσ is angelic,
cf. [3, Theorem 11], we apply Theorem 4 to complete the proof. ✷
Corollary 5. Let E be a quasicomplete lcs in G. Then Eσ is Fréchet–Urysohn iff tb(Eσ ) is
countable. In particular, no infinite dimensional Banach space has the bounded tightness
countable in its weak topology.
Corollary 6. Let E = (E, τ) be a quasicomplete (LF)-space. Then tb(Eσ )  ℵ0 iff E is
linearly homeomorphic to the product space RN.
Proof. If E is linearly homeomorphic to the space RN, then clearly tb(Eσ )  ℵ0 by
Theorem 4. For the converse assume that tb(Eσ )  ℵ0. Since E ∈ G and Eσ is angelic,
Theorem 4 applies to deduce that Eσ is Fréchet–Urysohn. Hence Eσ is bornological and
τ = σ(E,E′). By [10, Theorem 2.1], the space E is metrizable. Hence E is linearly
homeomorphic to the space RN [12, 2.6.5]. ✷
Corollary 7. Let E be an infinite dimensional quasicomplete (or equivalently regular)
(LB)-space with its defining sequence (En) of Banach spaces. Then tb(Eσ ) is uncountable.
Proof. Assume that tb(Eσ ) ℵ0. By Corollary 6 the space E is linearly homeomorphic
to the product RN. Since E has a fundamental sequence of absolutely convex bounded
sets [12, 8.5.20], the space RN would be an infinite dimensional Banach space (by the
Baire’a category argument), a contradiction. ✷
Question. Characterize spaces X for which the countable bounded tightness of Cp(X) is
equivalent to the kR-property.
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